We study the phase diagram of the ferromagnetic q-state Potts model on the various three-dimensional lattices for integer and non-integer values of q > 1. Our approach is based on a thermodynamically self-consistent Ornstein-Zernike approximation for the two-point correlation functions. We calculate the transition temperatures and, when the transition is first order, the jump discontinuities in the magnetization and the internal energy, as well as the coordinates of the critical endpoint in external field. Our predictions are in very good agreement with best available estimates. From the numerical study of the region of weak first-order transition, we estimate the critical value q c for which the transition changes from second to first-order. The q → 1 + limit that describes the bond-percolation problem is also investigated.
I. INTRODUCTION
The Potts model [1] is a generalization of the Ising model to more (or less) than two states per spin. This model is realized in many different experimental situations (see Ref. [2] for a review) and it has been the subject of considerable theoretical attention over the last two decades. At low enough temperature and in the absence of a symmetry breaking magnetic field, the ferromagnetic Potts model undergoes a transition from a disordered phase in which all states are equally populated to an ordered phase that is characterized by a non-zero spontaneous magnetization associated with preferential occupation of one of the q states. The order of the transition and the critical properties crucially depend on the spatial dimension d and the number of states q. Whereas the mean-field description predicts the transition to be first-order for all q > 2 irrespective of the dimension [3] , the exact analysis in two dimensions shows that the transition is continuous for q ≤ 4 [4] . No exact results are available in three dimensions but there is by now general consensus that the 3-state Potts model on the simple cubic lattice undergoes a weak first-order transition with a very small latent heat and a large correlation length [5] . Since the transition is continuous for q ≤ 2 (q = 2 is the standard Ising model whereas the limit q → 1 + corresponds to the bond-percolation problem), the order of the transition in 3-d must change at some q c between 2 and 3. There are, however, only few estimates of q c , and the behavior in the neighborhood of q c is not precisely known [6] [7] [8] .
To gain a better perspective on this issue and, more generally, to determine accurately the phase diagram of the ferromagnetic Potts model on the various three-dimensional lattices, we propose an analytical treatment that allows us to investigate integer as well as non-integer values of q (q > 1). Our approach derives from an approximation that was first introduced to study the phase behavior of simple fluids [9] and that has been successfully applied to a variety of spin models, including the spin- 1 2 Ising model [10] , the Blume-Capel model [11] , and several models of random magnets [12] . This approximation, called the " self-consistent Ornstein-Zernike approximation" (SCOZA), is based on what is known in liquid-state statistical mechanics as the Ornstein-Zernike formalism, namely (i) the exact
Ornstein-Zernike equations that relate the two-point connected correlation functions to the two-point direct correlation functions (the former are obtained as functional derivatives of the field-dependent free-energy and the latter as functional derivatives of the Legendretransformed magnetization-dependent Gibbs potential) and (ii) an Ornstein-Zernike ansatz that assumes that the direct correlation functions have the same range as the interaction pair potential. The dependence of the correlation functions on the control variables (temperature and magnetization) is determined by two types of constraints: on one hand, exact zero-separation conditions for the connected correlation functions; on the other hand, thermodynamic self-consistency which ensures that the same Gibbs free energy is obtained from the two-point correlation functions, whether one integrates the internal energy with respect to the inverse temperature or one integrates twice the inverse susceptibility with respect to magnetization.
The general SCOZA formalism for the ferromagnetic q-state Potts model in the presence of q −1 external magnetic fields is presented in section II. In section III, we restrict attention to the case of a single symmetry breaking field that favors one state while preserving the symmetry between the q − 1 remaining states. This allows us to study the thermodynamics of the model for any real value of q > 1 by solving a partial differential equation with temperature and magnetization as independent variables. The numerical results for the various 3-d lattices are presented and discussed in section IV. We first study the cases q = 3
and q = 4 and compare to the best available estimates. We next consider 2 < q < 3 and provide a numerical estimate of the critical value q c at which the transition changes from second to first order. Finally, the case 1 < q ≤ 2 is discussed and the limit q → 1 + is investigated.
II. SELF-CONSISTENT ORNSTEIN-ZERNIKE APPROXIMATION FOR THE FERROMAGNETIC POTTS MODEL

A. Definitions and exact relations
The q-state Potts model on a d-dimensional lattice of N sites is defined by the general
where J is a positive coupling parameter (we consider here only ferromagnetic interactions), δ s i s j is the Kronecker symbol, and the sum on < ij > runs over distinct nearest-neighbor 
and the connected spin-spin correlation functions G αβ ij ,
where we have introduced the spin variables σ 
and
Since we are interested in working with the magnetizations rather than the fields as control parameters, we introduce the Legendre transformed Gibbs potential
which generates the direct correlation functions C αβ ij ,
The two-point correlation functions G αβ ij and the direct correlation functions C αβ ij are related by a set of Ornstein-Zernike (OZ) equations that result from the Legendre transform,
In the limit of uniform fields, one has m α i = m α and the two-point correlation functions depend only on the vector r that connects the two sites. The OZ equations then take a simple form in Fourier space,
and Eq. (8) yields the (inverse) susceptibility sum-rules:
Owing to the properties of the spin variables, the values of the correlation functions G αβ (r) at r = 0 can be expressed in terms of the magnetizations as
On the other hand, the enthalpy of the system (which is just the internal energy in the absence of external field) depends on the values of the correlation functions at n.n. separation.
Using the identity δ s
where c is the coordination number of the lattice, and e denotes a vector from the origin to one of its nearest neighbors.
For the theory to be thermodynamically consistent, the Gibbs potential G must have the same value when obtained via the susceptibility route, i.e., Eq. (11), or via the energy (or enthalpy) route, i.e., Eq. (14) . This thermodynamic consistency is embodied in Maxwell relations between the partial derivatives of G with respect to the independent control variables.
In the present case, these relations have the following form:
which derive from Eqs. (11) and (14) (from now on the coordination number c is absorbed in the inverse temperature variable λ = βcJ). These partial differential equations (PDE) extend the self-consistent equation considered in Ref. [10] for the spin-
Ising model to (q−1) order parameters.
The theory presented in this paper is based on approximations for the structure of the direct correlation functions and the above exact equations are the starting point of our analysis.
B. Ornstein-Zernike approximation
In general, the direct correlation functions are expected to remain of finite range, even at a critical point [13] . Following the Ornstein-Zernike approximation, we assume here that they have exactly the range of the exchange interaction in the Potts Hamiltonian, Eq. (1), which implies that they are truncated at nearest-neighbor separation. We thus write
or in Fourier space,
where λ(k) = this dependence is not given a priori. As is well-known in liquid-state theory [13] , when one assumes some approximate but explicit dependence of the direct correlation functions upon the thermodynamic variables, as in the random phase approximation or in the meanspherical approximation, the theory is in general thermodynamically inconsistent. In our self-consistent OZ approximation, the functions C when q is an integer, one can solve the equations recursively. In practice, however, this is a difficult numerical problem, as one has to solve q(q −1)/2 coupled PDE's with q independent variables, the q − 1 independent magnetizations plus the inverse temperature (the equations must be solved in the full q-dimensional space even if one is interested ultimately in the zerofield case only). It is thus necessary to develop a simpler approach in which the number of PDE's does not depend on q. Moreover, since our goal is to study the Potts model for integer as well as non-integer values of q, one should be able to perform an analytic continuation of the number of states to arbitrary real values.
III. A SCOZA FOR NON-INTEGER VALUES OF q
A. The partial differential equation
To be able to study non-integer as well as integer values of q, we consider the case of a magnetic field that acts only on one state, say state 1, while preserving the symmetry between the remaining (q − 1) states. Without loss of generality, we take h 1 = h = 0 and
, and there is only one independent order parameter, m 1 = m. By symmetry, one has also only four distinct connected (resp. direct ) correlation functions, for instance G 11 , G 22 , G 12 , and G 23 (resp.
, and C 23 ). It is then easy to block-diagonalize the matrices of correlation functions so to rewrite the OZ equations, Eq. (10), as   
Moreover, Eq. (6) implies that
from which we obtain, by replacing in Eqs. (18) and (19),
We finally get
The enthalpy E (see Eq. (14)) is now given by
and since there is only one order parameter, there is only one inverse-susceptibility relation,
The partial differential equation expressing thermodynamic consistency follows from Eq. (15):
So far, all equations are exact.
The OZ approximation, Eq. (17), introduces 4 unknown functions,
Introducing the variables
we have
Using Eqs. (23, 24) and introducing the lattice Green's function [14] 
we finally obtain the expressions of two-point connected correlation functions in real space,
The two unknown quantities, C 
This yields
where P (z) ≡ P (z, r = 0). By inserting the above results in Eq. (27), the following PDE is obtained:
where the relation P (z, r = e) = (P (z) − 1)/z has been used. We see that q is now a parameter that can take any real value. Setting q = 2 in Eq. (41) gives back the PDE for the Ising model with only one unknown function, z(λ, m) [10] . In the general case, however, there are two unknown functions, z(λ, m) and z * (λ, m), but only one equation relating them.
Additional input is therefore needed. We address this point as well as the required boundary conditions for Eq. (41) in the following.
B. Boundary conditions and further approximation
The full range of variation of λ is from 0 to +∞ and that of the magnetization m The condition h(λ, m = 0) = 0 can be reexpressed as a constraint on the enthalpy E.
Indeed, since the boundary condition at λ = 0 garantees that h(λ = 0, m = 0) = 0, and since thermodynamic consistency implies that ∂h/∂λ| m = 1/(NcJ) ∂E/∂m| λ , the zero-field condition in the disordered phase requires that ∂E/∂m| λ,m=0 = 0.
Having settled the boundary-condition problem, we must still find an additional equation that, together with Eq. (41), allows to uniquely determine the functions z(λ, m) and z ⋆ (λ, m).
We do so by considering the exact expressions of the direct correlation functions at nearest neighbor separation, C 
We then make a linear interpolation between the m = 0 and m = q − 1 values for all temperatures:
which yields the following additional equation for z(λ, m) and z * (λ, m): 
with
The derivative of z with respect to λ is obtained from
where δλ is the elementary step in the "time-like" direction, and the second derivative of ∆E with respect to m is given by
where δm is the elementary step in the "space-like" direction.
One starts from λ = 0 for which z = z * = ∆E = 0 (noninteracting system). Then, Eq. (45) gives z at the next step in the λ-direction, λ = δλ. At this temperature, z ⋆ is calcu- with T as depicted schematically in Fig. (1a) . When the maximum of the spinodal occurs at m = m c = 0, the zero-field transition is first-order and the spontaneous magnetization jumps to a non-zero value ∆m at a transition temperature T t < T c , as shown in Fig. (1b) .
The transition remains first-order in the presence of a small non-zero external field and for h = h c it ends in a second order critical point. This critical endpoint corresponds to the maximum of the spinodal.
In the numerical procedure, the spinodal curve is never reached exactly. With the choice of a small parameter ǫ (typically ǫ = 10 −5 or 10 −6 ), we define a pseudo-spinodal as the points of the grid formed by the discretized values of m and λ that satisfy 1 < z < 1 − ǫ.
The pseudo-spinodal then serves as a boundary condition for the finite-difference equation in the low-temperature phase. In this phase, δλ is fixed to a very small value (typically 10 −6 or 10 −7 ). We have checked that the location of the spinodal does not move when ǫ is changed from 10 −5 to 10 −6 and that the whole calculation is stable when δλ is decreased from 10 −6 to 10 −7 . All calculations are done with δm = (q − 1)/200.
The numerical integration has been carried out for the sc, bcc, and fcc lattices. The corresponding Green's functions P (z) are well documented [14] and can be easily tabulated.
To test the numerical procedure, we have checked that the results for the Ising model are recovered with good accuracy. For instance, we have found β c J = 0.22126 for the inverse critical temperature on the sc lattice, in perfect agreement with the value obtained in Ref. [10] .
IV. RESULTS AND DISCUSSION
A. q = 3 and 4
We have first considered the 3 and 4-state Potts models that have been much studied in the recent literature (the 3-state model plays a important role in both condensed matter and high-energy physics, and the 4-state model is a special case of the Ashkin-Teller model). On the three lattices, we have clearly found that the system undergoes a first-order transition with a critical point in non-zero magnetization (or field). For illustration, we show in Fig. 2 the spinodal and spontaneous magnetization curves for the sc lattice. The (inverse) transition temperatures, given in Table I , are in very good agreement with the most recent estimates from Monte carlo simulations, qβ t J = 0.550565(10) for the 3-state model on the sc lattice [5] and qβ t J = 0.628616(16) and 0.455008(10) for the 4-state model on the sc and bcc lattices, respectively [15] . (To the best of our knowledge, the transition temperatures for the fcc lattice are given here for the first time.) Remarkably, it appears that the precision of the theory (0.05%) is better than for the Ising model [10] , despite the use of the additional approximation for C 11 1 − C 22 1 which has led to Eq. (44). This is probably due to the fact the correlation length, although large, remains finite at the transition.
We also give in Table I the predictions for the dimensionless latent heat ∆e = e(T
, where e = (c/2) < δ s i s j >, and for the jump discontinuity in the order parameter at the transition ∆m/(q − 1) (with our definition of the local magnetizations in Eq. (3), m varies here between 0 and q − 1). For the 3-state model on the sc lattice, the predicted value of the latent heat is somewhat larger than the estimate from Monte Carlo simulations, ∆e = 0.1606 ± 0.0006 [16] , but it is smaller than the estimate from series expansions, ∆e = 0.264 ± 0.011 [17] . (As noted in Ref. [17] , the large difference between these two estimates is surprising and has received no explanation.) Similarly, our value of ∆m/2 is in the range defined by the Monte Carlo estimate, ∆m/2 = 0.395 ± 0.005 [18] , and the series expansion estimate, ∆m/2 = 0.505 [17] . Our results also show that ∆m is only weakly dependent on the lattice structure. This quasi-universality is a consequence of the large value of the correlation length at the transition. (In two dimensions, ∆m is the same for the square, triangular and honeycomb lattices, but this is a consequence of the star-triangle relation [19] .)
For completeness, we also report in Table I (10) [20]. We may note, however, that the accuracy for the critical temperature is "only" 0.4%.
B. 2 < q < 3
As q is decreased below 3, ∆m and h c decrease and β c gets close to β t , as shown in Table II 
For the sc lattice, we find that ∆e is well fitted in the range 2.4 ≤ q ≤ 2.8
by the simple algebraic form ∆e ∼ a(q − q c ) σ with q c ≈ 2.15 and σ ≈ 1.70 (if the result for q = 3 is also taken into account, we find instead q c ≈ 2.21 and σ ≈ 1.44). Similarly, the rapid increase of ξ is well described by ξ ∼ b(q − q c ) −ν with q c ≈ 2.14 and ν ≈ 1.14 (this fit is not modified when the result for q = 3 is added, as can be seen in Fig. 4 ). This value of q c compares favorably with the estimate obtained via a real space renormalization group method [6] (q c ≈ 2.2), a method that yields the excellent value q c = 4.08 in two dimensions;
it is smaller than the estimates obtained from 1/q series expansions [7] (q c = 2.57±0.12 with σ = 1.65±0.15 ) and from Monte-Carlo simulations [8] (q c = 2.45±0.1 with ν = 0.87±0.08).
(Note however that the estimate of Ref. [8] is obtained by extrapolating numerical data in the range 2.8 ≤ q ≤ 3.2 .) In the case of the bcc lattice, the same value q c ≈ 2.14 (to within our numerical accuracy) is obtained from analysis of the latent heat and the correlation length, with exponents σ ≈ 1.61 and ν ≈ 1.11, respectively. On the other hand, no reliable results are obtained for the fcc lattice. This is due probably to the fact that the asymptotic regime is not yet reached in the range 2.4 ≤ q ≤ 2.8, as can be seen in Fig. 4 with the small values of the correlation length ξ.
Further investigation of changeover behavior can be carried out by considering the qdependence of the coordinates of the critical endpoint (restricting again the numerical study to q ≥ 2.4). When q → q c , one expects that h c → 0 and
As shown in Fig. 5 , the data for the sc lattice are again well fitted by the simple form T c within the accuracy of our calculations). For T = T cc , we now find q c ≈ 2.15, which is consistent with the preceding estimates.
C. 1 < q ≤ 2 and the bond-percolation limit When q ≤ 2, the transition is clearly continuous, as illustrated in Fig. 7 for q = 2 and q = 1.8. One can thus investigate the asymptotic behavior of the zero-field susceptibility as the critical point is approached from the high-temperature phase. Fig. 8 shows log-log plots of the reduced susceptibility χ red (q) = k B T χ(q)/(q − 1) as a function of the reduced temperature t = 1 − T c (q)/T (the factor (q − 1) comes again from our definition of the magnetization). We also plot in the figure the results for q = 2.07 for which the susceptibility is apparently diverging, despite the fact that the transition is not really continuous, as discussed above and in Appendix B. In the whole range 1 < q ≤ 2, the divergence of χ(q) is governed asymptotically by the critical exponent γ = 2 which is that of the spherical model.
However, the results are affected by a strong crossover, and for t ≥ 10 −2 the divergence of χ(q) is governed by an effective exponent that increases as q decreases (see Table III ). For q = 2, this exponent is close to the exact Ising value γ ≈ 1.24, as noted in earlier work [10] . Note that the increase of γ as q decreases is the exact behavior of the two-dimensional model (see e.g, Ref. [2] ).
An interesting limit is q → 1 + , for which there is a well known mapping to the bond percolation problem [22] : the critical temperature of the Potts model is related to the percolation treshold via the equation p c /(1 − p c ) = e Jβc(q=1) − 1 and γ becomes the exponent for the mean cluster size. For q = 1.001, we find p c = 0.241, 0.172 and 0.114 for the sc, bcc, and fcc lattices, respectively. These values are in reasonable agreement with the current best estimates p c = 0.2488, 0.1803 and 0.119 [23] . Moreover, in the range t ≥ 10 −2 , the divergence of the susceptiblity is governed by the effective exponent γ ≈ 1.71, which is close to the expected value for three dimensional lattices, γ ≈ 1.80.
V. CONCLUSION
We have applied a thermodynamically self-consistent OZ approximation to the ferromag- Another shortcoming that we have encountered in the present study results from the following fact: in order to describe the Potts model for arbitrary real values of q and thereby investigate the potential change in the order of the transition, one has to restrict the parameter space to a subspace preserving the Z q−1 symmetry between all but one of the q states.
As a consequence of this restriction, the SCOZA approach becomes incomplete, with more unknowns than exact conditions to be satisfied. Additional approximations must thus be devised that go beyond the mere application of the OZ formalism. The approximation we chose in this work (see Eq. (43)) still allows, as stressed above, to locate with high accuracy the transition temperatures and to provide a good description of the thermodynamic quantities over a wide range of the parameters (T, m, q). It also gives numerical indication that the order of the transition seems to change from second to first order at a q c slightly above 2. Yet, a proper description of this changeover phenomenon would require a better approximation than that used here. Making progress on this issue, that also plagues the SCOZA approach for systems with quenched disorder in the replica formalism (because of the necessity to make an analytic continuation for letting the number of replicas go to zero [12] ), is certainly an important problem that must still be addressed to confirm the SCOZA as an accurate and a versatile theoretical scheme.
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APPENDIX A:
In this appendix, we derive the exact expressions of C 
with x = e −βJ . We deduce from Eq. (A1) the expansion for the magnetization,
The inversion of Eq. (A2) gives the expansion of y q in powers of u,
The expansion of the susceptibility χ = ∂m/∂h then follows,
(39)), we then find
To derive Eq. (42), the expansion of z ⋆ is also needed. We then expand the enthalpy E, Eq. (25), in powers of u,
where
. Note that in writing Eq. (A6) as in deriving Eq.
(A5), we have used the fact that the SCOZA structure with the direct correlation functions extending only to n.n. separation is exact at the order in u considered. Comparing Eq. (A6)
to the expansion of E = −J ∂ ln(Z)/∂(βJ)|h that is derived from Eqs. (A1) and (A3),
we find
Since, from Eqs. (30,31),
we finally obtain
In this appendix, we show that the proposed theory cannot truly predict a second-order transition (in zero external field) for q > 2 because of the approximation given in Eq. (43), that represents a linear interpolation formula for C Let us assume that the transition is continuous. Then, the inverse susceptibility χ −1 = ∂h/∂m for m = 0 should go to zero at the transition. This implies that z → 1 when m → 0 at the critical temperature, and we may expand all quantities in the vicinity of z = 1 and m = 0. Since the 3-dimensional lattice Green's function behaves as
where ǫ = √ 1 − z and a is a positive constant [14] , we get from Eqs. (25), (39) and (40) that the enthalpy behaves as
As discussed in section IIIB, the zero-field condition at m = 0 in the disordered phase implies that ∂E/∂m| λ,m=0 = 0. From the above expression, this implies that
We must thus have
with u > 0.
On the other hand, expanding Eq. (44) near the critical point yields
where ∆C(λ c ), given by Eq. (42), is positive.
There are two possibilities for Eqs. (B4) and (B5) to be compatible:
(1) Neither ǫ nor ǫ ⋆ have a term linear in m, thereby implying via Eq.(B5) that P (1) − c∆C(λ c ) = 0. The numerical study, however, shows that for 2 < q < 2.4 this quantity is small but strictly positive in the range of temperatures where the transition takes place.
(2) Both ǫ and ǫ ⋆ have terms linear in m, with Eq. (B5) satisfied (for q = 2), and there is an exact cancellation of these terms so that Eq. (B4) is also obeyed. However, since ǫ and ǫ ⋆ are both non-negative quantities, this cancellation cannot occur for q > 2.
Therefore, there cannot be a zero-field continuous transition for q > 2. The solid line is the algebraic fit, ξ ∼ 4.61 (q − 2.14) 1.14 , of the data for the sc lattice 
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